ABSTRACT. This article introduces descriptive cellular homology on cell complexes, which is an extension of J.H.C. Whitehead's CW topology. A main result is that a descriptive cellular complex is a topology on fibres in a fibre bundle. An application of two forms of cellular homology is given in terms of the persistence of shapes in CW spaces 
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FIGURE 1. Descriptive Homology Space
Homology separates cycles (connected paths) from boundaries of holes in shapes in topological spaces. Descriptive cellular homology provides a means of characterizing and comparing cycles and boundaries in terms of descriptions of cell complexes. A cell complex K on a space X is a finite collection of subsets of X called cells such as 0-cells (vertices) and 1-cells (open arcs). A descriptive cellular homology is an extension of Whitehead Closure-finite Weak (CW) topology [5] , which is a form of descriptive topology introduced in [3] . A straightforward application of these two forms of homology is the study persistence of shapes in CW spaces.
PRELIMINARIES
A Hausdorff space is a nonempty set K in which every pair of distinct elements in K is contained in disjoint open set. A decomposition of K is a partition of K into subsets called cells. Let clA, bdyA denote the closure and boundary of a cell A, respectively. The interior of a cell A (denoted by intA) is defined by intA = clA − bdyA. A complex with n cells in K is denoted by σ n . The closure of σ n (denoted by clσ n ) is the image of an n-simplex σ n in a continuous homomorphic map f : σ n −→ clσ n . A Hausdorff space K with a cell decomposition is called a CW complex [5] (briefly, complex) in which the following conditions hold.
(1) For each cell σ ∈ K, clA intersects a finite number of other cells (Closure finiteness).
The n-skeleton K n is the union of all σ j ∈ K, such that j ≤ n. A fibre bundle (E, B, π, F ) is a structure, where E is the total space, B is the base space, π : E → B is a continuous surjection on E onto B and F ⊂ E is called the fibre. A region based probe function φ : 2 K → R n attaches description to sets. A descriptive cell complex K Φ is a fibre bundle, (K Φ , K, π, φ(U )) on a complex σ n ∈ K, and U ⊂ K. ) and boundary homomorphisms, ∂ σ .
The relative boundaries are trivial elements in
H n (K n , K n−1 ). Thus, H n (K n , K n−1 ) has σ n ∈ K
MAIN RESULTS

This section introduces the main results for a descriptive cellular homology. Let ν
Equipped with a chain addition, we can identify the identity element. The identity element in H n (Ḱ n α ,Ḱ n−1 α ) can be constructed by setting the weight of eachσ p ∈Ḱ αi equal to 0. This identity can be seen as the result of restriction of the identity of H n (K n , K n−1 ) to only those σ ∈ K which are alsoσ n ∈Ḱ αi . The inverse of each element c = i a iσ
) as it is a formal sum ofσ n . Assume two chains c = j a jσ n andć = j b jσ n , then
) is closed under chain addition. It can be seen from the definition of the cellular boundary map that coefficients ofσ n are integers. Thus associativity of chain addition in H n (Ḱ n α ,Ḱ n−1 α ) follows from the associativity of integers, Fig. 3 to clarify Lemma 1. The cellular complex K is a union of σ 1 . The probe function is chosen as the curvature. Thus, using the function ν α • φ we can constructḰ α , by removing the blue arc from K. We can see that the cycle in red, cycÁ ∈Ḱ α is also a cycle in cycA ∈ K. The same is true for the arc in black i.e. arcB ∈Ḱ α ≃ arcB ∈ K, and for the arc in green i.e. arcĆ ∈Ḱ α ≃ arcC ∈ K. Thus all the arcs and the cycles inḰ α are in K, as all the
Example 2. Let us look at an illustration in
σ 1 ∈Ḱ α ≃ σ 1 ∈ K. Since H 1 (Ḱ 1 α ,Ḱ 0 α ) is a formal sum of σ 1 ∈Ḱ α and H 1 (K 1 , K 0 ) is a formal sum of σ 1 ∈ K, H 1 (Ḱ 1 α ,Ḱ 0 α ) ⊆ H 1 (K 1 , K 0 ). We just have to proof that H 1 (Ḱ 1 α ,Ḱ 0 α )
is itself a group as in the proof of Lemma 1. Moreover, we can extend the argument to
H n (Ḱ 1 α ,Ḱ 0 α ).
Using Lemma 1, we show that the Fundamental lemma of homology is satisfied for the chain groups
H n (K n α ,K n−1 α ).
Lemma 2. Let us consider
) to be chain groups with boundary homomorphisms associated as follows: Using this proof as the basis and the Lemma 1 stating that 
Proof. For a space X, we define a topology (imgφ(X), τ φ std ). Any set U ∈ τ φ std is defined as: for all p ∈ X, there exists an arbitrary positive real number δ such that B δ φ(p) ⊆ U . Here B r x is a ball of radius r and centered on a point x. Hence from this definition, we can see that |φ( is the topology defined on the fibres.Then, Proof. H V p is defined as the cellular homology group associated withḰ α = {X\σ
Descriptive homology gives a local view of a space, since it is associated with subgroups
Then,Ḱ α = X as all the two simplices regardless of their description would be included.Thus, by definition it would equal the classical cellular homology group H p of space K. Fig. 2 , and the base K in the case of a cellular complex has intersecting subsets. This raises the question of how the fibre φ(U ) transitions between such intersecting sets. This can be done by associating with (K φ , K, π, φ(U )) a topological group G, which acts continuously on the fiber, φ(U ) from the left. That is, for e ∈ G, the identity element, ex = x, where x ∈ φ(U ). The notion of continuity requires the group G to be a topological group. Let us formalize the action of group G on the fibre. 
Remark 1. Each fibre bundle has a local trivialization as illustrated in
Proof. The fibre bundle satisfies local trivialization condition. Consequently, φ i : U i → U i × F and φ j : U j → U j × F . Since, we assume U j ∩ U i = ∅, there are two different trivializations for the region U i ∩ U j . The map φ −1 j : U j × F → U j . Since a region U i ∩ U j has two trivializations in the fibre bundle, we can shift between the two. Thus, we can define a composition map,
In this case t ij ∈ G and G is the structure group or the gauge group defined in [1] .
In Theorem 4, t ij is the transition function and G is the structure group or the gauge group. Since G is a group of transition functions t ij ∈ G, t ij must satisfy certain conditions. That is, t ii = 1 is the identity element and t ij t ji = 1 gives the inverse of each element. Moreover, there is a group operation such that t ik = t ij t jk . If there is no other g ∈ G except the identity, such that gx = x for all f ∈ F , then G is a group of homeomorphisms on F .
APPLICATION: PERSISTENCE IN CW SPACES
. We illustrate Theorem 4 and its implications, using an expansion of Fig.1 shown in Fig. 4 (Fig. 4.1) and area (Fig. 4.2) 
